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THE NUMBER OF FACTORIZATIONS OF NUMBERS

LESS THAN x INTO FACTORS LESS THAN;/

BY

DOUGLAS HENSLEY

Abstract. Let K(x, y) be the number in the title. There is a function/(/•), concave

and decreasing with /(0) = 2 and /'(0) = 0 such that if r = ^Aog x /log y then as

x -» oo with r fixed,

K(x,y) =xexp(/(r)v/logx + 0(loglog x)2).

The proof uses a uniform version of Chernoff s theorem on large deviations from the

sample mean of a sum of N independent random variables.

1. Introduction. In counting factorizations we make no distinction between 2-2-3,

2-3-2 and 3-2-2, and list four factorizations of 12: 12, 6 • 2, 4 • 3 and 3-2-2.

Let £(«) denote the number of such factorizations of «. MacMahon observed in

about 1920 that Il^=2(l - 4~')~X = 2^=xF(n)n~s. Shortly after that Oppenheim

considered the average and maximum values of £(«) over the integers from 1 to x

[4]. He found

- 2 £(«) = exp(2/íoi7)/2^:(logx)3/4,
X n=\

as did Szekeres and Turan somewhat later [5]. Their proofs were complex analytic,

arising from MacMahon's formula.

Here we are interested in what happens when factorizations with any large term

are excluded. Let Fy(n) be the number of ways to write « as a product of factors d,

2 < d<y, and let K(x, y) — 2*=1£r(«). How does K(x, y) decrease as y shrinks

from x toward 1?

This question is evocative of the classic work of de Bruijn on ¥(x, y), the number

of positive integers n < x with no prime divisor > y. There are structural as well as

psychological similarities, as both ^ and K satisfy a similar recursion. Yet the

similarity does not run very deep. We show, for instance, that for any fixed u > 0,

limx^xK(x, xx/u)/K(x, x) = 1. By contrast, lim^ «,*(*, xw")/^(x, x) < 1 for

u > 1, and the limit ratio approaches zero as u -» oo. It turns out that where for

^(x, y), u = logx/log y is the crucial parameter, for K(x, y) things depend on r

= y/log x/log y.

Thus the situation is analogous to an economy where the rich hold most of the

wealth. Namely, when u = log x/log y is large but r = y'log x /log y is not, most of
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the numbers less than x have been ruled out. The few with no prime factor >y

which remain still contribute enough that K(x, y) is 99+ % of the whole count

K(x, x).

Our main result is that K(x, y) is roughly xc\p(f(r)^\ogx), where f(r) is a

certain concave decreasing function of r = y/log x /log y, with/(0) = 2 and/'(0) = 0.

The idea behind our factorization count estimate is that the count is related to the

probability of a large deviation from the sample mean of the sum of some

independent random variables.

We have what appears to be a new result about such deviations. Its statement and

proof comprise §§5 and 6, which may be read independently. Given N independent

random variables Yi uniformly distributed in \-\,\\, and a parameter a, we show

roughly that the asymptotic estimate given by Chernoff s theorem as TV -> oo for

Prob(| 2f y¡: | s* N | a |) holds in this case uniformly for N > 1 and -2<a<2 as a

lower bound. It seems likely that the restriction to such simple Y 's is unnecessary

but we need no greater generality.

We owe the reader a road-map to a first reading. §2 establishes some notation,

touches again on the history of related topics and gives a simple estimate for K(x, y)

which is reasonably accurate when y is on the order of log*. §3 can be read

independently (and should be skipped initially); it contains a proof that K(x, y) ~

K(x, x) even for y- as small as exp(^log x log log x). With such a small y, most « < x

have some prime factor greater than y- and can make no contribution to K(x, y).

The proof of the main result begins in §4 with the establishment of the connection

between K(x, y) and a question of probability. §§5, 6 and 7 should be skimmed for

definitions and notation. The text of these sections is largely devoted to the painful

but unavoidable task of working out the calculus of /(/•) and related functions.

In §8 we return to the main question, now replete with knowledge of f(r) et al.,

and prove a lower bound for K(x, y). In §9 we give a like upper bound for K(x, y),

with a slightly weaker error term.

Our results can probably be generalized in various ways. For instance let Gv(n)

denote the number of ways to write « as a product of divisors d, -y < d «£ y, with

d ¥= -1, 0, or 1, and let K±(x, y) = 1xn=_xGy(n). It is not hard to estimate

K± (x, y) as something like x exp(v/2/(/'/ -j2)^J\ogx ). Similar things should hold for

e.g. the Gaussian integers, where we expect that with

Kc(x,y) = #h:Sy{a + bi: 1 < a2 + b2 *zy) -{0,1,2,...}

such that   2 £71°S I z I ** 71°S x \

Kc(x> y) W'U De something like xexp(i/m f(r/ v/77r)y/log x ).

2. The problem and some preliminary observations. A factorization of a natural

number « is a solution in nonnegative integer exponents |rf of the equation

[I ¿f"= n.
d>2

Thus 1 has one factorization, and 12 has four.
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Let K(x, y) be the number of factorizations of integers 1 < « < x into factors

2 < d < y. Equivalently,

K(x,y) = #U: {2,3,...,y} -{0,1,2,...} suchthat n«í*'<jel.

We abbreviate K(x, x) as K(x). Later on we have to keep very small divisors

apart, and we define

K(x,y,z) = #h:{z+l,z + 2,...,y] - {0,1,2,...} such that  ft </*'<*[.

How does K(x, y) decrease as y shrinks from x toward 1? We know about the

endpoints. Oppenheim (1926), and later Turan and Szekeres, found that

(2.1) K{x) ~ xexp(2\ogl/2 x)/ (2f\og3/4 x).

(Here and later, log^x = the cth power of the «th logarithm of x.) Trivially

K(x, 1) = 1, and for j> < log x/log2 x the lower bound

is fairly tight. (This lower bound is a direct adaptation of de Bruijn's for ty(x, y),

with the same proof. See [2].)

We can improve on this a bit with our first result. For y < log x/\og\ x it is

sharper by a factor on the order of exp(jy/21og y).

Theorem 2.1. For x > y > 2,

y
K(x, y) > (log*-* x/ (y - l)\)l[(l/logd).

2

Proof. Every £ counted in K(x, y) is an integer lattice point of Ry~l and an

element of the simplex 22x¿log d < log x, which has volume given by the right side

of Theorem 2.1. The union, taken over all £ counted in K(x, y), of the unit cubes

|d < xd < id + 1 (2 < d < y) contains the simplex.

By taking a bigger simplex that contains all these cubes we get an upper bound for

K(x, y) which is (1 + S^logd/logx)*'-1 times the lower bound of Theorem 2.1.

3. For large y, K(x,y) ~K(x). We start with a simple recursion. For proof of a

similar recursion see [2].

(3.1) K(x, yx) = K{x, y2) -     2     K(x/d,d),

for 1 <>>, <y2 *s x. Since K(x, y) < K(x),

(3.2) K(x,y)>K(x)-    2    K(x/d).
y<d*¡¿x
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From (2.1), there exist Cx > 0, C2 > 0 such that K(t) =£ C,/exp(2 logl/2 Olog"3/41

for / s* e and so that the reverse inequality holds with C2 in place of Cx. Thus

(3.3)        2    K(x/d) <      2     K(x/d) + 2jc(1 - \/e)
y<d^x y<d*íx/e

< Cxx fx/er] exp(2 log'/2( V0)log"3/4(x/t) dt + 2x.
y

Let I(x, y) denote the integral in (3.3). Then

/(*,>>)< log'/4 x/'~1/l08X(l - sy3/\xp(2((\ - s)\ogx)i/2) ds.
•'log v/log X

Let  u — logx/\ogy,  v = logy\og2l x\og~l/2 x,  and J — log1/2 x(l — \/u)~l/2.

Then

2(1 -5)1/2log,/2x<2(l- l/w)'/2log1/2x-7(i- \/u),

so that

/(*, j) ^ C3(l - l/M)"3/4exp(2(l - l/u)V2\og]/2x)

•exp(t;log2x(l - \/u)-'/2)\o¿/*x¡X~'AogXe-Jsds
J\/u

< C3log~1/4 *exp(2 log'/2x — ülog2 x).

So

2    K(x/d)*z2x + C4^:log-t,"1/4xexp(21og1/2x)
y<d^x

=£ Qxlog^"1/4xexp(21og'/2 x).

Together with (2.1) this gives Zy<d^xK(x/d) < C6log-u+1/2 xK(x), and with (3.2),

we have

Theorem 3.1. For x 3= y and v = log y log"'/2 x log2' x > {-, K(x, y) 3=

K(x)(\ - C6log-v+l/2x).    D

Remark. In particular, \imx^x¡K(x,xl/u)/K(x) — 1 for fixed u.

4. The probability connection. We now consider the case that log y = r~y log1/2 x,

where r > 0 is not "too large" compared to x. Our main theorem is that K(x, y) =

jcexp(/(/-)log1/2 x + O(loglogx)2) under suitable restrictions on r. Here/(r) is a

certain function /: [0, oo) — (-oo, 2] with /(0) = 2, /'(0) = 0 and / decreasing and

concave down on [0, oo). For details on /see §7. For precise lower and upper bounds

on K(x, y) see §§8 and 9.

In this section we show how counting K(x, y) is related to probability. Our

approach is to group factorizations £ of numbers near x according to how many of

the factors lie in each of the intervals [a'-1,«*1] up to y. Then we sum over all

possible interval counts.

Let a be that number nearest exp(log~4 x) such that B = log y/\og a is an integer,

and let z be that number nearest log6 x such that A = log z/log a is an integer. Then

a = exp(\og'4 x + 0(\og~9/2 x)), and z = log6 x + 0(log2 x).  Very small factors
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turn out not to make much difference, so we start on a lower bound with

K(x, y) > K(x, y, z).

Let Wi = (a'~',a'], A « z=s B, and let w¡ be the number of integers in W¡. Thus

w, = a'(\ - 1/«)+ 0(1). Let Y = {z + \,z + 2,...,y] and N = {0,1,2,...}. For

£ y-TV7 let v, = 2dewíd, and let K{ = (vA+x, t>A+2,...,vB). If 2^+,/ü, <

log x/log a then 2¿e y£¿log ¿/ < log x and £ is counted in K(x, y, z). Thus

(4.1) K(x, y, z)> #h: Y-► TV such that   2 /ü, < logx/log«!-

The number of such £ with the same V( is n*+i("'/+£'~1), since the number of ways

to put v balls in w urns is (w+vv~ '). Now for any w and t>,

(wYdO^J^+U" j) ^(wVü!)exp(ü2/w),

so the number of £ with the same V¡_ is > n*+1(w/Vu/0-

Noww, = (1 - \/a)a! + 0(1), so(w,(l - l/a)-1«-') = 1 + 0(log~2 x), and since

II * + ,«,- < log X/Iog Z < log Vl082 *>

(4.2) ¡I <'/*, ! > i ( 1 - 1 /a)E n ef'/v, !,
.4 + 1 .4 + 1

where £ = 2* + 1u,-.

Most factorizations in K(x, y) have U2did near j:, so we should be able to replace

UA + xa'Vi with x and not increase the right side of (4.2) by much. We can, but it is a

long story, which we defer to §8, in part. If we neglect this difficulty temporarily, the

other thing in (4.2) we must understand is Il* + ,1/u,!.

Consider the set SE of all V= [vA + x,...,vB] such that '2A + lvi = £. If £ > u

( = log x/log y) we cannot have FI a'"' < x for all V E SE.

Let SE(t) ={VE SE: 2BA + Xiv, *s t). Let QE(t) = 2Sf(,)n*+1(l/u,!), and let PE(t)

= QeÍO/QeÍ00)- Then ° < pE(t) < I, and if Xx, X2,...,XE are independent in-

teger valued random variables with probability 1/(2? — A) on {A + \, A +2,... ,2?}

then we have for any £ s= 1, any A and B with ^ < B and any ?,

Theorem 4.1. Prob(2fAr„ < 0 = PE(t).

Proof. First we show

(4.3) QB(eo) = (B-A)B/E\.

For if B - 4 =£ = 1, then QE(oo) = l/£!= (JE/E\). If (4.3) holds for y < J and

if B - A = / + 1 then

1 1        J1 i  /£

Ö£<00) = £! + (ËTTJ7 7T + ' •• + Î! £!

-îî2(Î)'-îî('+i)*-  D
n = 0



482 DOUGLAS HENSLEY

Now for V E SE let E(V) be the event that exactly vk of the Xn's are equal to k,

for each k, A + 1 < k < 2?. The number of primitive events in E(V) is

B

n
.4 + 1

n-1

■ 2»,
A + \

l"„

£! n (v«no,
,4 + 1

SO

Prob(£(F)) = (2?~/() ££! ü  W.
A + \

and

2    ñ  lA„!=(2?-^)£(£!r'Probf2^</
S£(r) .4 + 1 \   1

Corollary 4.2. Let SE(tx,t2) = {KG ,S£: 2* +,/'«,- e(f,,f2]}, a«¿/e/ ££(/,, r2) =

^('2) - *£('i). ™e« P£(/„ í2) = Prob(r, < 2f*„ < t2) and 2Sf(,„/2)II* + 1(lA,!)

= (B-A)E(E\ylPE(tut2).

Remark. In the application, t2 = [log x/log a] and /, = t2 — [log2 x/log a] + 1.

Also £ = [h(r)\og]/2 x] is chosen to maximize the bound for K(x, y) that arises

from Corollary 4.2. For a description of h(r) see §7. With these values of /, and t2,

K(x,y)>K(x,y,z)

B

2     2
E   KSS£(/,,i2)

1

1
(l-l/«)£ I] «""A,!

A + \

xlog ' jc( 1 — \/a)       2 [   V°i'    (for any particular £)

S£(r,,/2) /t + i

^log-'x(l - l/«)£(2?-^)£(£!)-1P£(r,,r2)

1
xlog1x(log^-logz)£(£!)-|P£(í1,í2)

and since £ *s log x,

(4.4) K(x, y) >-x\og-'x(\ogy - log z)t£-£e+£££(/,, t2)

We now get a lower bound for PE and take £ to more or less maximize the right

side of (4.4).

5. Calculus of large deviations. To do the necessary calculations, we shall need to

introduce a chain of probabilistic variables. In order of appearance, these are a, r

(5.1), p (5.6), a (5.9), ß (5.10), and finally the promised function/(r) in §7. The

uniform Chernoffs theorem, given in §6, is stated in terms of the function p(a) of

the parameter a, which also appears in [1]. Intuitively, the significance of p is that in

N independent trials of a random draw from [- y, {-] the sum is unlikely to fall

outside (-Na/2, Na/2). The odds of this drop exponentially in N, like (p(a))N.
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Let Wn, 1 < « < N, be independent, identically distributed random variables each

with density X(s) = 1 for - \ < s < \ and 0 otherwise. For - { < a < { and N > 1

let P(a, N) = Prob(| 2^. | > TV | a |). By a theorem of Bernstein [1], P(a,N)<

(p(a))N, where p is the function given by (5.6) below, and in [1]. In the other

direction, from Chernoff's theorem [1] for fixed a, \imN_00j¡ log P(a, N) = log p(a).

We make this uniform in a, - {- < a < {. We defer an exact statement of the

theorem and its proof to §6 as we shall need a mass of information about p and

related quantities first.

We start by defining t: (- \, {) -> (-oo, oo). Let r(a) be the unique real number t

such that fl(2y-axeTX dx = 0. Thus t(0) = 0, r(a) > 0 for 0 < a < {, and t is

continuous on (- {, {). Also r is odd.

(5.1) For a ¥- 0, if t = t(o) then

1 cosh(r/2)       1

U ~ 2 sinh(T/2)  '" t '

Proof. With this value for a, the defining integral works out to zero.

Remark. Using (5.1) to express t in terms of a, cos!i(t/2) and sinh(i-/2) gives a

recursion which tends to r(a). Newton's method requires a longer program but

converges faster.

(5.2) On (- {-, 2"), t is increasing, and hma„ l/2 r(a) = + oo.

Proof. If - {■ < a < b< { and il{22~-axex^a) dx = 0 then il{22\xeXT(a) dx < 0.

Since f}(22-_hhxeXT(h) dx = 0, f\/22~-bx(exr(b) - exr(a)) dx > 0 so t(6)>t(<i). For

the second claim, note that for fixed t,

xeTXdx=  /  xeTXdx<0.    D
-l/2-a J-\

Let a: (-oo, oo) -* (- {, {) be the inverse of t. Then a(0) = 0 and for t^O,

l cosh(r/2)       l

a{T'~ 2 sinh(T/2)       t'

(5.3) For -{<a<\ and a ¥= 0, i/a/^T = T"2 ~ (4 sinh2(T/2))"' > 0. At 0,

da/di = T2-

Proof. The derivative is calculated from the formula given above for a(r). Since

| sinh(T/2) |>| t/2 | it is positive. From L'Hôpital's rule, da(0)/dr = limT_0(a/T)

= limT^0(^/^T)- Near 0, da/dr = r~2(\ - (l + t2/12 + 0(t4))"') = ^ +

0(t2).

Thus limT_0 a/j = jj and limu^0 r/a = 12.

(5.4) For t ¥= 0, d2a/dr2 = -2t"3 + icosh(T/2)sinh"3(T/2). On (0, oo), d2a/dr2

<0 and a(r) is concave, on (-oo,0), d2a/dr2 > 0 and û(t) is convex, and

(¿V¿t2)(0) = 0.

Proof. For t ^ 0, d2a/dr2 is calculated from (5.3). Since t is odd so is d2a/dr2.

That d2a/dr2 < 0 on (0, oo) follows from 8 sinh3(T/2) > t3 cosh(r/2) for t > 0, or

equivalently sinh3(i) > 53cosh(i) for s > 0. We prove this by comparing power

series.
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We divide by i3 and need (1 + ¿2/3! + .y4/5!+ ■••)3>(1 + s2/2!+j4/4! + • • • ).

It is sufficient to show that the s2" coefficient on the left exceeds that on the right for

« > 1. There are three cases: « = 0, 1 or 2 mod 3.

If 2« = 6m, say, then the s2n term on the left includes (i2m)3((2m + l)!)"3 >

s6m/(6m)] since by induction on m, ((2m + l)!)3 < (6m)! for m > 1. The other

cases are left to the reader.

Now at 0, d2a/di2 = limT^0 i~\da/di - -^) and da/dr = -fj + 0(t2) from the

proof of (5.3) so this limit is zero.    D

(5.5) -1< (J- - | a |)T(fl) < 1 and lim._,/2(i - a)r(a) = 1.

Proof. Since t is odd it is sufficient to prove this for 0 < a < {. Now

/ 1 \   .  s     ,       1   /cosh(r/2)        \      ,
- - a  t(o) = 1 - -t     . , ; '   '.   - 1    < 1

\ 2        I  y   ' 2   \ sinh(T/2)        /

and cosh(r/2)/sinh(T/2) = 1 + 0(e'T) as t -> oo when a -» {, so

as a -> { and t -» oo.    D

The p(a) of the introduction to §5 can now be defined.

Definition. For - \ < a < j- let p = p(a) = inf,fl{}2-aetx dx.

(5.6) For a = ± x, p(a) = 0. For - \ < a < \, the defining infimum is obtained

with t = t(ö), p(0) = 1 and for a * 0, p(a) = e-a\2/7)ûnh(r/2).

Proof. Routine calculus.

Remark. Exponential centering of the probability density function

X[-\/2~a,]/2-a](x) yields the probability density function

fa(x) = {\/p{a))ex^X[_x/2_aA/2_aX(x),

which is centered in the sense that fxfa(x) dx — 0.

(5.7) For - { < a < {, dp/da = -p(a)r(a).

Proof. Routine from (5.3) and (5.6) except at 0. Since p is even we just need

lima_0+ p(a) — 1 and lima_0+ dp/da — 0. The first follows from (5.6) and from

(2/T)sinh(T/2) -> 1 as t -» 0. For the other, lima_0. p(a) = 1 and lima^0+ r(a) = 0

so lima_0+ dp/da = lima„0+ -p(a)r(a) = 0.    D

(5.8) lima^ 1/2 p(a) = 0 and lima_ x/2 p(a)r(a) = e.

Proof. For Q<a<{, p(a) < i\//22Zaae0/2~ar'xdx by definition, so p(a) <

j(i/2-a)eo/2-a)->xdx = (i - fl)(?. For the second claim, pi = 2e-aTsinh(i-/2) from

(5.6) and ar = (j - 1/t + 0(<Tt))t as t ^ oo from (5.1). Since sinh(i-/2) =

ieT/2(l + 0(e"T)),

pr = exp(l + 0(re-T))(l + 0(e~r)) -e   as t - oo.

Thus p is continuous and differentiable on [- {,{-], even, decreasing on [0, {] and

positive except that it is 0 at ± x. From (5.7) for - | < a < {-,

d2p/da2 = - (t2 + dr/da)p < 0
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since dr/da > 0. Since dp/da is decreasing, -e < dp/da < e for - \ < a < |, so

(2 — | a |)~V(û) < e on (- |, 5). Since p is concave, p(a) > 2(¿ — | a |) on [- x, x],

with equality at ± { and at 0.

Now let a2 = a2(a) = i/.1^«*2«™ «** = IZ,fÁx)dx, for - J- < a< J-, and let

a(± |) = 0. Then a is positive on (- {, {) and o(0) = 12''/2.

(5.9) On [0,5], a is a decreasing function of a, a < 1/t, lima^1/2aT = 1 and

hma^1/2a(a) = 0.

Proof. Evaluating the defining integral for a and using (5.6),

->     / 1        1      acosh(i-/2) \
a2=    -+fl2-. L,V ''       fora^O.

\4 sinh(T/2)   /

As a -» 0, t ~ I2a so lima^0 a2 = rj. Since

d(a2)/JT = -2t"3 + icosh(T/2)sinh-3(r/2) = d2a/dj2 < 0

for 0 < a < 5, a is decreasing as a function of t on [0, 00) and as a function of a on

[0,5]. Integrating d(a2)/dr = d2a/dr2 gives a2 = t-2 - (4 sinh2(T/2))_l so

limT^00 a2 = limT_M(¿2a/í2T) = 0, and since lim,.^ T2da/dr = l and r2da/dr < l

on [0, oo), limT-00aT = l and a < I/t on (0, 00). Equivalently a(a) < l/r(a) on

(0,2-) and lima^l/2a(a)r(a) = l so that lima-l/2 o(a) = 0.

Now let ß = /?(a) = \flQ2~°a \ x |VX dx. Then ß is even and ß(0) = &.

(5.10)lima^1/2T32i = (12e-1 - 2) > 0.

Proof. Equivalently lim T3ß = 12e"' — 2. Now

3o 1     fO/2-a).   .3
T p = ^        \y\e dy-

PrJ(-\/2-a)

Since limT_00pT = e, limT^00(f — û)t = 1 and limT^00(| + a)r = 00, it follows

that

lim t3/? = - ['  bl^"^ = (12e1 - 2) « 2.41 > 0.
t-»oo e J_œ

Since /? and t3/? are bounded on any interval [0, \ — e] as functions of a, there

exists C7 > 0 such that ß < C1 and | t3 | ß < C7 for - {- < a < {.

Remark. To use exponential centering we must estimate Prob(2f Z, > 0), where

the Z, are N independent random variables each with density fa(x). The Berry-

Esseen inequality, or more precisely some of Zolotarev's elaborations, permit this.

The parameters ß and a are needed to find the Liapunov ratio (see §6). And p gives

us the connection between probabilities for the Z, and the original Y¡.

6. A uniform Chernoff's theorem. Recall that Yn, 1 < n < N, are independent

random variables each with density X[-i/2, \/i]ix)-

Theorem 6.1. There exists C8 > 0 such that for N > 1 and - § < a < {,

l\N      \ \
C8/V-|/2(p(a))/v<Prob >N\a\\^{p(a))N.
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Proof. It is sufficient to show that there is C8 > 0 such that if N > 1 and 0 < a

: i then

C,N-^2(p(a))N ̂Probl lY^NaV

as the other inequality is an instance of Bernstein's result [1], and as symmetry

accounts for the other cases.

Let Z„, 1 < « < N, be independent, each with density

fa(X) =   p~(a~)eXT{a X[-\/2-a,\/2-a)(X)-

Let GN(x) be the distribution function of 2fZ,, and HN(x) = GN(o\fÑx). The Z,

have variance a2 = o2(a). Let $(x) = fxJ2myx/1e-u1/2 du be the 91(0,1) distribu-

tion function.

Lemma 6.2. There exists Cg > 0 such that if0<a<\,0<x<l and N 3= 1 then

HN(x) - HN(0) > C9x.

Before the proof we show how Theorem 6.1 follows from this lemma. Let FN(x)

be the distribution function of 2"(Y,. - a), and let Px(a, N) = Prob(2f Y,. > Na).

(P(a, N) of §5 and Px(a, N) are equal to within a factor of 2). Following Bahadur

[11
J/-00 y-00

dFN(y) = pN      e^dGN(y)
o •'o

> pN ¡°^xe-T>dGN(y) > p»e-*°&x (°^xdGN(y)

= pNe-T°J»x(HN(x) - HN(0)) > C9xpNe-r°J»x

for0*£x< 1.

Now if toJÑ < 1 we take x = \, and then C9xpNe-""^ < C9e~Y. Otherwise we

take x = (ra/ZV)-1- Since to is bounded above by some C10 > 0 for 0 < a < {-, we

have an absolute constant C,, > 0 such that P(a, N) s* CxxN~l/2pN for 0 « a < j-

and N »1.    D

We now prove Lemma 6.2. By Theorem 4 of [7], for N s* 1, x any real number and

0=£a< i,

| 2/^x) - $(x) |< (.68705)Ai-'/2)8a-3.

From (5.9) and the points made after (5.10) about t3/?, there is Cx2 > 0 such that if

0 « a < {- then ßa 3 < C,2. Thus there is C13 > 0 such that if 0 < a < {- and N > 1

then | HN(x) - <I>(x)|< C,3A/~,/2. In particular there exists M>0 such that if

0<a< { and A/> M then | ̂ (x) - $(x)|< too for each of x = - 2,0,1 and f.

Let hN(x) = dHN/dx. Then for each N > M and each a, 0 *s a < 5, there exists

x, = x,(7V, a) G [- 4-,0] and x2 E [1, f] such that hN(xx) > 75 and «A,(x2) > 75.

Since hN(x) is the A/-fold convolution of/a(x) which is log concave, hN(x) is log

concave and thus unimodal. Consequently if TV 3= A/, 0 =s a < 3 and 0 < x < 1 then

hN(x) L
10-
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If N<M we observe that fa(x) 3* e(a~'/2)TX[a-i/2 ,i/2-a\(x)- Let M*) =

(2C)"'x[-c,<:](*)• Since (^ — a)r is bounded above on 0 *£ a < {, there exists

C,4 > 0 such that/a(x) > C,4X(1 ,2_a)(x). Let A,, 1 < i: < M, be independent ran-

dom variables each with density A(1/2_a)(x). Then

/  N <

HN(x) - HN(0) 3= CXM4 min Prob   2 A¿ e [o, o/tfjcl
N^M \   ! L J

¡»CffxProb   2A,e[0,a]    > C,5x,

since a ~ (¿ — a) as a ^ \ and (^ — a) is the radius of the interval on which A, is

supported. We had already shown hN(x) > jq for N > M so that in this case also

HN(x) — HN(Q) » trjX. We take C9 = min(f<), C,5) which proves Lemma 6.2.    □

7. The factorization decline function/(r). As we shall see in §8, the probability in

Corollary 4.2, if £ = [«log1/2 x], is Prob(i, *£ 2fX,< t2) and is estimated1 to

within powers of logx by Prob(| 2fY, |> £| a |) where a = ({ — f) and r =

log1/2 xlog"1 j. Also, the distinction between (log y — log z)E and (log y)E is negli-

gible, that is, | £log(l — log z/log y-) | = 0(rh log2 x). Thus from (4.4) log K(x, y)

3= logx + £log2 y< — £log£ + £ + £logp(3 — j,) + 0((l + rh)\og2x), or equiv-

alently

(7.0)     log£(x, y) 3= logx + logl/2 x(-«log r - «log« + h + «logp(^ - £))

+ 0((1 + r«)log2x).

To make this plan go we need two things. We need to supply details for the various

estimates connecting (4.4) to (7.0), and we need to know more about g(h, r) =

(-« log r — « log « + « + « log p), in particular how to choose h = h(r) to maximize

g(h, r). This second requirement motivates the definitions and calculations that

follow.

Let g(h, r) = (-« log r — « log h + h + h log p({ — f )) for h> r, and -oo other-

wise. Let f(r) = sup^>rg(«, r). (This is the f(r) of §4.) We prove

(7.1 )/(/•) is a decreasing function of r on (0, oo).

(7.2)lim^0/(/-) = 2.

(7.3)/(r) is differentiable and concave down on (0, oo).

(7.4) There is a unique « = h(r) > r such that/(r) = g(h(r), r).

(7.5) limr_0 «(r) = 1, h(r) is differentiable and increasing on (0, oo) and h(r)/r is

decreasing on (0, oo).

(7.6) lim^ACOA = 1, and infr>0(/r(r) - r) > 0.

We conclude the section with a short table of h(r) and/(r) generated on a pocket

computer.2

There are conditions limiting r and h in terms of x on the estimation of Pe(tt, t2) by p/: but we defer

discussion of this.

2 The program is in BASIC and is available on request. No attempt has been made at formal program

verification. The rest of the paper is independent of this table.
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First we prove (7.4). From g(h, r) = -Alogr — h log h + h + «logp with p =

P(i — %) we have

(7.7) 3g/3A = -log r — log « + log p - rr/h, and

(7.8) 32g/3A2 = -1/« - (r2/h3) dr/da < 0.

Since lim A_r+ g(«, r) = limh^0Og(h, r) = -oo,g(/i, r) is concave as a function of

« on (r, oo) and drops at both ends. Thus there is a unique « = h(r) such that

9g/3« = 0, and for that A, g(«, r) = /(/•).

To prove (7.5) we show dh/dr > 0. Since 3g/3« = 0 when « = A(r),

(7.9) -log r — log « 4- log p — rr/A = 0 when A = h(r).

For r > 0, (7.9) defines h(r) as an implicit function of r. From (7.9) we calculate

(writing A for h(r)) that

,, ,,       hi r2 dj        \l r2 di      ,

where t = r(a) and a = (\ — j¡). We claim dh/dr > 0.

Since dr/da > 0 for all a in (- |, I), this will follow from (r2/h2)dr/da > 1, or

equivalently, from dr/da > ({- — a)"2, i.e. da/dr < ({- — a)2.

In §5 we found

1 l and    i» -flU(¿ +I--?!*i^
dr       r2       4sinh2(r/2) I 2 /      \2       t       2sinh(r/2)

Thus we need

(7.11) \-—1—<(I + I-i^iv3.
r2       4sinh2(r/2)      \ 2       t       2sinh(r/2)

for all t t¿ 0. (We know da(Q)/dr = Tí < (2 ~ °)2-) Let 5 = t/2, square out the

right side and simplify (7.11) to get

cosh(s) / 1\      ,       1 1
(7-12) —JT   1 + -    <1 + - + -r-—.

sinh(j) \        s I s       smh2(s)

If í > 0 we multiply both sides of (7.12) by s. Then squaring both sides, using

cosh2 = 1 + sinh2 and simplifying, one gets  1 < s2 + s2/sinh2(i), which follows

from sinh(i) < scosh(s) for s > 0.

If s < 0, we multiply (7.12) by s sinh(s ) > 0 and let v = -s. Then (7.12) becomes

(7.13) ( 1 — v)cosh v < (v — 1 )sinh v + ü/sinh(v)    foru>0.

If v > 1 the left side of (7.13) is < 0 while the right side is positive. If 0 < v < 1 then

(7.12) is equivalent to

(7.14) «*•(!_ ,)<(,_!+').
sinh v \ v        I      \        v       sinh2 v )

Both sides of (7.14) are continuous on (0,1], and the right side is positive at 1 while

the left side is positive on (0,1). If the right side were negative anywhere on (0,1) (in

fact it is not), it would be zero somewhere on (0,1). Thus if (right)2 > (left)2 > 0 on

(0,1) then (right) > 0 on (0,1) so (right) > (left) on (0,1). Thus squaring (7.14) and
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simplifying we reduce (7.14)2 successively to (¿ — l)2 < -2(| — 1) + 1/sinh2 v, to

~ < coshu/sinhu, and finally to sinh v < v cosh v for v > 0. This proves (7.14),

(7.12), (7.11) and the claim that dh/dr > 0.

We now prove limr^0+ h(r) = 1. For fixed A > 0,

lim 3g/3A =   lim (-log r — log A + log p — rr/A)

=   lim (-log r - log A + log(er/A) - 1)    from (5.5) and (5.8)

= -21ogA.

Let 1 > e > 0. For r sufficiently small, if A < 1 — e then 3g/3A > 0, and if A > 1 + e

then 3g/3A < 0. Since 3g/3A is decreasing on (/*, oo), the value A = h(r) for which

3g/3A = 0 lies in (1 — e, 1 + e) for r sufficiently small. That is, lim,^* h(r) — 1.

Since dh/dr > 0, h(r) is increasing and greater than 1 on (0, oo). To show h(r)/r

decreasing we note dh/dr < h/r, which follows from (7.10). This completes the

proof of (7.5)

Also from (7.10) if \imr^x(h(r)/r) = C > 1 (the limit exists since h(r) > r and

h(r)/r is decreasing) then

rlh*(¿A/¿r) = c(^-l)(^ + l)    <C,

where £ = dr/da at (\ — f ). Then by L'Hôpital's rule X\v&r^x(h/r) < C, a con-

tradiction. Thus \imr^x(h(r)/r) = 1. The other claim in (7.6) follows from dh/dr

> 1 for large r. As r — oo, h/r -» 1 and a -» -5. Now from (7.10), dh/dr > 1 is

equivalent to

1 \2¿T , /   1 \3¿T     ,    /   1

or

2      " I  da \ 2      " I   da      \ 2

\-A(\+")>{\-°)t
Now (| + a) = - ± + 0(eT/2), (£ - 0) -» 1, (f - 0) - 2 and da/dr ~ 1/t2 so as

a -» - 5, t -» -00 and - 7 > 1/t2 with a wide margin for the error terms.

Now f(r) = g(A(r), r) so df/dr = og/or + (ag/ah)dh/dr. But at h = h(r),

dg/dh = 0 so fl/Ar = dg/dr = -h/r + r. Since a = \ — Lh and (| — a)r < 1 from

§5, i///dV < 0 for 0 < a < {. At a = 0 (A(r) = 2r), df/dr = -2. For a < 0, -A/r

and t are both negative so again df/dr < 0. This proves (7.1).

As r -» 0, h(r) -> 1, /-/A -» 0 and a -» 5. From a = cosh(r/2)/2sinh(T/2) — |

we  have  (5 — a) = j — l/(eT — 1)   so  ¿///i/r = -T2/(eT — r — 1)   (which  gives

another  proof  that  df/dr < 0),   and  so  limr_0* ¿///dr = 0.    In   fact  df/dr —

-/-2e~'A°(l) as r -> 0- Pursuing this would yield an asymptotic expansion for/(r) at 0

but we have no need for one.

We now prove limr_0* /('") = 2. For e > 0 there exists 8, 0 < 8 < 1, such that if

0<r<Sandl<A<l+o then | 3g/3A |< e and h(r) < 1 + 8. Thus for 0 < r <

o, \ftr)- g(l,r) |<£S<£. Now hm^0' g(l, r) = limr^0+(-logr + 1 + logier))

= 2. Thus lim,._()t g(h(r), r) = 2.
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To prove / concave down we show that df/dr is decreasing. Since h(r)/r is

decreasing as a function of r, so is a = (5 — r/h(r)). Thus if df/dr = (r — ({- — a)~])

is an increasing function of a or of r, it is decreasing as a function of r.

Differentiating (t — (^ — a)~]) with respect to r gives ({ — a)~2 (-da/dr) + 1 and

this is positive since from (7.10), (^ — a)2 > da/dr.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(In fact  1

h(r)

1

1.000205

1.015247

1.062838

1.133229

1.217162

1.309432

1.407116

1.508478

1.612437

1.718282

e- 1

fir)

2

1.999955

1.992804

1.955752

1.878847

1.762951

1.611562

1.428356

1.216610

0.979127

0.718282

e-2)

1.2

1.4

1.6

1.8

2.0

4.0

6.0

8.0

10.0

100

1000

10000

100000

h(r)

1.93385

2.15277

2.37376

2.59607

2.81922

5.06244

7.30033

9.52831

11.7478

109.289

1063.73

10486.9

103947

fir)

0.134272
-0.522509

-1.24236

-2.01777

-2.84278

-13.05606

-25.6159

-39.6936

-54.8951

-1067.1

-15628.5

-204893

-2529600

8. The lower bound for K(x, y).

Theorem 8.1. There exists a real constant CXb such that if r = y'log x /log y and if

(4 log log x )" ' < r < 7j yjlog x /log log x, then log K(x, y) > log x + f(r)j\og x —

C16((l + r)2loglogx).

Proof. The idea is to use (4.4) with A = h(r) and £ = [Alog1/2x], replace the

random variables X¡ on {A + 1,...,2?} with Y¡ on [-4, j] and use Theorem 6.1.

When 2f Xt is near log x/log a, 2f Y¡ is close to E(j, — \). So if we take logs in (4.4),

£log(log j1 — logz) is roughly Alogl/2 x(^log2 x — logr), -£log£ + £ is roughly

A logl/2 x(- 2'Og2 x — log A + 1), and

log Prob   2*/ G ([log x/log a] - [log2 x/log a] + 1, [log x/log a])

is roughly Alog1/2 xlogp(j — £). These add to (-A logr — A log A + A + Alogp)

log1/2 x = f(r)]/\ogx . To make this rigorous we need some estimates. Before getting

into the details of the proof we note that if r < (4 log2 x)"1 then Theorem 3.1 applies

and K(x, y) ~ K(x), while if r > 7¿log1/2 xlog2' x, Theorem 2.1 gives a fairly good

estimate of K(x, y).

The variables Xn, 1 =£ « =£ £, are integer valued and equally distributed on

[A + 1,...,2?}. Let Wn, 1 < « *£ £, be a further £ random variables each with

density X[o,i](Ä)' sucn that {^i>- • • >^£> Wx,..., WE) are independent. Let

Y, = iB-Ay\x, W; dB+A)).
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Then   {Yx,... ,YE)   are   independent   and   identically   distributed   with   density

X[-i/2,i/2](-s)- Thus if 2fX = 5,

1 £ 1
iS-EA -E)iB-A)-] --E^^Y,<iS- EA)(B-Ay] --£.

So

1
/:

Prob   £- F<2^,^7,    3=Prob  (£- V - EA) (2? - A)" - ~E < 2 Y,

<(£- EA- E){B- A)'1 ~\e\

For any real qx, q2 with -{E < qx < q2 < {E let b = biqx, q2) = qx if | g, |<| q2\ ,

q2 otherwise. The probability density function of 2f Y¡ is the convolution of £ copies

of X[-i/2.i/2](s) so it is symmetric and unimodal. Thus for any qx and q2 as above,

\lYiE[qx,q2]>^iq2-qx)E^Prob\

E

IY,
i

-\b\   ■

Now in the application x and r = log1/2xlog ' y are given, A = A(/-), £ =

[A log1/2 x], £ = [log x/log a] and V = [log2 x/log a] - 1. (If 2fX =Se

[£ - K, £] then x/log x ^ as ^ x.)

Let 9, = (£- F- £4X2?-/!)-' - \E   and   <?2 =  (£ - EA - £)(2? - /t)"1

- |£. If 2f Y, G [9„ ?2] then lfXi E[T- V, T] so

Prob   2*, E[T-V,T]\> Prob   2 Í €= fa.fc]

1
(<¡r2-<?,)£'Prob

E

2>:
i

-1*1

Since   <?2 — qx ~ log2 x/log y > 1 /log x   and   since   £=slogx,   this   last   is   3=

log"2 x Prob(| 2f y¡ | » | è |). Now

42 = -i-£+ (log x/log y)(1 -A(l +logz)log-1/2x+ 0(log z/log x))

■ (1 -rlogzlog-'/2x)"'

= -^£ + rlog'/2x(l - Alog-'/2x(l +logz) + 0(log-'/2x))

(1 -rlogzlog-1/2x)M,

so for r< Tjlog '  xlog2 x,    <?2/£ i(l - 0((h - r)\ogz + h)\og-l/2x)

= "2 + Í +o(Hog2xlogM/2x).

Now   q2 — qx  ~ r\og2 x log_'/2 x   so   qx    and   b   are   also   - \ + j, +

o(rlog2xlog-|//2 x). We now estimate the effect of replacing a = (- \ + j¡) with

a' = b/E = (-5 + £ + o(rlog2xlog_1/2x)). For small /-, say r < ^, 0 > a> a' so

p(a) > pia'). But ¿/log p/ifa = -r(a) so log p(a) - log p(a') < (a - a') | r(a') | <

4(û — a') | t(ö) | because 2(a' + |) > (a + 2) so that r cannot increase by any large
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factor between a and a'. The claim 2(a' + j) > ia + \) amounts to 2(r/A) +

o(rlog2 xlog-'/2 x) > r/h, and since A is bounded for 0 < r < 5 this holds for x

sufficiently large. Now | r(a) |< h/r and (a — a') = o(rlog2 xlog"1/2 x) so log p(a)

— logp(a') = o(Alog2xlog_1/2x). For r sufficiently large (r > CX1), 0 < a' < a so

logp(a) < logp(a'). In the intermediate interval (3,C,7), |t| is bounded so again

logp(a) — logp(a') = o(Alog2 xlog_l/2 x). Thus in any case log p(a) — log p(a')

< o(Alog2 xlog_1/2 x), so

Alogl/2xlogp(a) — £logp(a') *S o(A2log2x).

Since A = 0(1 + r), this proves that

logProb   2*,E(£- V,T)\ 3MogC8-31og2x-o((l +r)2log2x)

+ Alog'/2xlogp(a).

Now from (4.4) and since £ < log x,

log 2C(x, y) 3= logx - 0(log2x) - o((\ + r)2log2x) + £log(log>> - logz)

— £log £ + £ + A log'/2 xlogp

= logx - o((l + r) log2x) - 6>(log2x)

+ log1/2 x(-Alogr — A log A + A + A log p)    (here is/(/•))

+ 0(log2 x) + 6>(log r) + Oihr \og2 x) + 0(log A)

+ 0(log2x) + 0(1).

We have r > (41og2 x)_l and r < yVlog'/2 xlog2' x, and p > r/h > \r as r ~> 0,

while p > (1 — r/h) > Cxl/r as r — 00 from (7.6). Thus the error terms above

reduce to 0((\ + r)2log2 x) and we have

log£(x, y)^logx+fir)fioJx~ - Cl6(l +r)2log2x.    D

9. Upper bounds. We keep the same notation with the minor difference that the

random variables Xl are now on [A, A + 1,_2?— 1}.

Theorem 9.1. For r = ^log x /log y, r «£ C!9logl/4x, we have

K(x, y) < xexp(/(r)ylogx + o((loglogx)   + r2 log logx)).

Proof. There are two new issues here. First, we must consider all possible values

of £ and not just pick one out which seems to give a large contribution, and we must

also consider the possibility that 2fX is considerably less than log x/log a. Second,

the small divisors id < z) cannot be dismissed out of hand. Their effect, nonetheless,

remains insignificant. We begin with some estimates. Let C — \ + [logz/log2]. For

t > 1  let  Uit) = [iux,u2.uc):  all uJ are nonnegative integers, and 1cxjUj<

log?/log2}. For real 53= 1 and integer £ 3= 1 let Vis, E) = {(vA,... ,vB_x): all v¡

are nonnegative integers, 2*~'t;, = £ and 2^~'/u,loga < logs). Let 2?. denote the

real interval [2J, 2/+1) for 1 <j < C, and let W/ be the real interval [aJ, aJ+]) for

A *Sy *£ 2? — 1. Let w- be the number of integers in W,. Then w¡ = aJ(a — 1) + 0(1).
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Let Six, y) be the set of all factorizations £, £: {2,3,... ,y] -* {0,1,2,...} such

that n^ « x, so that £(x, y) = #5(x, y). For £ E 5(x, .y) and 1 <j < C let wy

(= «,(£)) = 2^^^, and for ^ <y < 2? - 1 let t> = 2defVÍd. Let ü(¿) =

(m,, w2,...,wc)andletrJ(£) = ivA,... ,vB_x). Then for £ E 5(x, >>)•

C B-\

(9.1) 2 ./"/tog 2 +   2 7fyloga<logx.
1 A

The number of £, in S(x, y) or not, having a given ¿7 = («,,... ,wc) and v —

ivA,...,vB_x)is

nrv-)n(^r').
Now

(9.2) n' ( °y + ̂  ~ ! 1 < ñ (w;Vo,!Jexp(t»;/wy),

and w, = (a - IK + 0(1). Let £(u) = 2^, and G(t>) = 25"'/o,. Then

B-l /„   _|_ w  _  1 \ _ / 5-1 \

(9.3) n      '       ' <(«-l)TOá«*>«p    2^/wy
¿     \ J I \    A I

■(\ + o(\og-2x))ne)l\i/vy.).
A

Now for £ E S(x, y), £(»(£)) < log x/log z, so (1 + 0(log"2 x))F{S) = O(l). Also

2r'(f72/w/) < iFiv))2/wx = 0(1) for i E S(x, j). Thus for £ E 5(x, >>), there is

C18 > 0 so that

(9.4)       n' fVj + WJ ~l ) < c1B(« - i)^v<°> n' (i a/).
¿     \ J I A

For the "small divisors" we need not be so precise. For £ E Six, y), let F^m) =

lcxUj and G,(t7) = IfjUj. Then

Thusif£ES(x, j),

(«t nj^^-'j'n'l^^^c^-.r-Arj'o/v).
For fixed ¿7 and v the number of £ E Six, y) such that «(£) = ü and ¿5(£) = tJ is

thus <Cx¿a- l)nS)xUA~\l/Vj\). To count the number of « with G,(«) <

log x/log2 (so that if for some £ E S(x, y), «(£) = ¡7 then Ufd^ 3= 2C|<") need not

exceed x), we introduce NiRx, R2)= #{ii: l^'jUj^ R2 and the u/s are nonnega-

tive integers for 1 <j<Rx}.

Lemma 9.2. NiRx, R2) < iRx\y2iR2 + R2X)R< for all integers Rx and R2 > 1.
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Proof. 7V(1, R2) = R2 + 1 = (1!)"2(£2 + l2)1. This starts an induction. Now

[«2/ä.I

N(Rt,R2)=     2    NiRx-\,R2-kRx)
k=0

2    {(Rl-l)iy{R2-kRl + (Rl-l)2)
2\Ä,-1

0

For any integers m > 0 and 2?, 3= 2,

«¡R.-l 1      [m + Rx/2  R

R /
r*'-1*.

1 ",m-Ä,/2

Thus

M*i. Ri) «  2 ' ((#, - i)0 2^r' íR^kR'+(R>
k = 0 JRi-kR. + iR,- l)2-R,/2

(£,!)"'((£,-I)!)"1/
1 /•/?2 + (Rl-l)2 + /?1/2 ,«,-1 í/í

Äj-A^Rj/Ä.l + fÄ,-!)2-«,^

<(£,!)-'((£, -l)!)-7^+(Ä'-1,2+Ä'/2/«l-1^
•/(«,- l)2-Ä,/2

<(£,!)'((£, - 1)!)"1P2+^Ä,~1^
A)

= (2?,!)-2(£2 + £0Ä|-    n

In particular N(C, 1 + [logx/log2])^(C!)"2(l + C2 + log x/log2)c. Since C =

O(loglogx), NiC 1 + [log x/log 2]) = exp(0(loglogx)2) is an upper bound for the

number of different ¡7 such that there is £ G 5(x, y) with 77(£) = ¿7.

We now estimate, for arbitrary fixed integer £, the quantity

o(£) = («-i)£   2     n'oAO-
vEV(x.E)    A

As   in   §4,   ß(£) = (a- l)£(2?-/l)£(£!)-|Prob(2fA',<logx/loga),   with   the

minor difference that the X: are now on [A,... ,2? — 1}. Thus with

o(/,,i2,£) = («-i)£    2     n'oAO,
vSV(t¡.¡2. E)    A

and with K(/,, i2, £) = V(t2, E)\ V(tx, £), we have

(9.6)    Q(tx, t2, £) = («- 0£(5-^£(£!)-'Prob(^<2x,<^).

Now Bernstein's theorem says that if  Y¡,   1 < i < E, are independent random

variables uniformly distributed on [- \, {-]

Prob

E

1Y,
1

>\b Mi-m
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Again we introduce further random variables WX,...,WE uniformly distributed on

[0,1], and let Y, = iX¡ + W¡ - ^(2? + A))iB - A)~\ Then these Y, are independent

and uniformly distributed on [- \, \]. As in §8, for £ and V > 0,

Prob  £- F<2*,^r    <Prob (£- V- £4)(£ - A)'x -]rE

< 2 Y, < (£ - £4 + £)(2? - A)'1 - jE\ .

For any real qx, q2 with -\E < qx < q2 < {~E let biqx, q2) = qx if | qx |<| q2 \ , q2

otherwise as before, and

Prob|2^E[^,,ç2]|   z2iq2-qx)Pvob\

E

2Yt
i

>b

Now

2log x [log x/\og2x}

K(x,y)<x  2 2 2 log'^x
E=\ j=\ V(x\o%,-! x,x\og-'x,E)

„   £      .   / a, + V -
2 n.2-^1 j nV/tvO-

l/(x)    1

From Lemma 9.2, then

f    21ogx [\ogx/\og2x] B~\

K(x,y)<\x   2 2 2 log'-^xn (1A,!)
[   £=i        y-i        (/(xiog"7x,xiogl_Jx,iE:) ^ J

•exp(o(log2x)2).

For the inmost sum we get an upper bound on its log of

i-/ / 1        r       0tog2^ \\
(9.7) /log^-Alogr-AlogA + A + Alogp^ - - + ^7¿^JJ

-ylog2x + o((l +rf\og2x)

as in §8.

Now   let   g(A, r, s) = -A log r — h log A + A + A log p({ — rs/A) + j^log x

— yiogx for 0 =s í =£ 1 and A > rs. Then for r < const • log1/4 x,

(9.8) sup      gih,r,s) =/(/-).

Proof.   We  have  g(A, /•, s, x) = g(A, rs) + A log s + is — l^/logx ^ firs) +

is — l)^logx. We claim that for r small enough, this is < fir).

Now difirs) + is — \)y/\ôgx)/ds = rf\rs) + ^/logx 3* r/'(r) + ^logx since /

is concave and decreasing. Since from §7, fir) — -(r"'A(r) + t), t(|- — r/A(r)) 3=

-(1 - r/hir)yx and 1 - r/hir) > Cxlr~\ rf'ir) 3= -A(r) - r2/Cxl. Since A(/") =

0(1 + r) from (7.5), there is Cl9 > 0 such that rf'ir) + ^logx > 0 for /• ̂

Ci9log1/4x. This proves (9.8) since the claimed supremum is clearly attained with

s = 1,A = Mr).
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Now in (9.7) the largest value possible is /(r^/logx + 0((1 + r)2log2x) with

i = 1,7 = 1, and h — h(r). There are fewer than (logx)2 summands in the upper

bound for £(x, y), so

£(x, y) <xlog2x-exp(/(r)/k>g~7 + 0((1 + r)2loglogx) + O(loglogx)2)

which is equivalent to Theorem 9.1.    D
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